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Abstract 
Griinbaum, F.A., Three-dimensional scattering and the Heisenberg inequality, Journal of Computational and 
Applied Mathematics 42 (1992) 37-47. 
We show that it is possible to concentrate a radially symmetric potential around the origin in three-dimen- 
sional space, without having its backscattering amplitude spread out as a function of the wave number. This 
result is impossible within the Born approximation. In fact. this result is a three-dimensiona! version of some 
recent work showing that the nonlinear scattering transform allows for better localization properties than its 
linearized version, namely the Fourier transform. 
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1. Introduction 
The nonrelativistic scattering problem corresponding to a potential q(x) defined in three-di- 
mensional space is well understood. 
Within classical quantum mechanics one considers an appropriate self-adjoint extension of 
the symmetric operator 
-V’+q(x), 
originally defined in a subspace of C2(rW3). This operator constitutes the Hamiltonian of the 
physical system. 
The main object of interest is the “scattering amplitude” a(w 1, w2, k ), a complex-valued 
quantity defined for all pairs of unit directions w1 and w2 on the unit two-dimensional sphere, 
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and k > 0. This quanti~ is defined in terms of the asymptotic behaviour of certain solutions 
( -19 of the problem 
(-V2+q(x))$=k2$. 
nder appropriate technical conditions on q(x) one proves that for each o2 E S2 and k > 0 
there exists a zzniqzze function U(X, We, k) such that 
qG(x) = erk*+ + L’(x, 02, k) 
solves the problem given above and L’ is given by 
&’ = lii*L;, 
with L; the L”(R3) solution of 
Moreover, if q is smooth enough and compactly supported, one has, as x tends to infinity in 
a given direction. 
The interpretation of this result is clear: for each “incoming plane wave” eikozex there is a 
unique solution to the problem 
which, when looked from in~ni~ in the direction or, looks like a supe~osition of this incoming 
plane wave and an “outgoing spherical wave” with amplitude given by a(~,, 02, k). 
This is hardly the place to go through the mathematical machine&_ needed to make these 
statements rigorous. A good source is [l] and the references given there. Another set of useful 
references is [4,6,14]. 
2. The scattering transform 
The discussion given above defines a(@,, w2, k) in terms of q(x) but gives little help in 
terms of computing a from q either anal~ical~y or numerically. The analytical result can be 
obtained only in a handful of cases: they are described in textbooks like [7,8,12]. These explicit 
results are of great theoretical and practical value. They allow one to test the validity of the 
whole theory; they are, moreover, at the center of many important developments in mathemati- 
cal physics since they usually involve well-known functions like the hypergeometric function of 
Euler and Gauss, variants of the Bessel functions, etc. 
The recent discovery that many nonlinear partial differential equations in fluid riechanics, 
nonlinear optics, geometry,. . have ‘“soliton solutions” has to a large extent been a by-product 
of progress in the “scattering problem” mentioned above. This development has given new 
impetus to the study of the scattering transform, namely the map that associates the function 
ato,, m2, k) to the f&~ciidn y(x). 
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3. The Born approximation 
There is a time-honored “explicit” relation between q(x) and a(wr, w2, k), which goes back 
at least to the beginning of the century and is sometimes referred to as thL “Born approxima- 
tion”. 
Using the Green’s function of the operator 
-V*+k* 
and some estimates valid for large x, one can obtain an asymptotic expression which is satisfied 
by the solution q%(x) mentioned above. 
Limiting ourselves (for simplicity of exposition only, and in view of the purposes of this 
paper) to the case when q(x) is a radial function, denoted below by q(v), we get for 
02 = 107 07 117 
This expression is exact but not too useful, since e(T) appears under the integral sign. If one 
argues that in this instance, $ can be replaced by the incoming plane wave 
e ikz’ = e io,-F’ 7 
and if one recalls the previously obtained asymptotic expansion for u(x, w2, k), one gets 
1 a(o,7 027 k) = _ ~/e-i”(“‘-“‘)“‘~(r.) dr’. 
In short, we get a linear Fourier transform relation between q and a. 
For a fixed value of k and 02’ and within this approximation, a is as a function of o,, the 
value of the Fourier transform of the radially symmetric potential q(r) on the so-called Ewald 
sphere centered at o2 and of radius k. The spherical symmetry of q(r) can be used further to 
reduce this integral to a one-dimensional Fourier-Bessel transform. We get, except for a 
multiplicative constant, 
m sin Kr 
a@,, 027 k) =c/ o -jp(r)r2 dr7 
with K=kjw,- w2 I. A Fourier type relation, shown here only for a radially symmetric q(r) 
holds also without this restriction. 
The usefulness of this relation can hardly be exaggerated. It is the backbone 2f lots of 
applications of scattering theory to applied science. It suffices to recall that X-ray crystallogra- 
phy’ ranging from the determination of the structure of NaCl by the Braggs at the beginning of 
the century, through that of DNA by Crick and Watson around the middle of the century, to 
that of molecules with thousands of atoms in a unit cell, all rest on a Fourier transform 
inversion problem dictated by the approximate relation established above between q(x) and 
a(q, w27 k). 
It is, however, important to recall that the true relation between q and a is much more 
complex. 
This “scattering transform ” is still a not too distant cousin of the Fourier transform. In the 
first place, the “gradient” of this nonlinear map at q = 0 is exactly the Fourier transform itself. 
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This rigorous mathematical result is “anticipated” by the “Born approximation” Qrgument 
outlined above. More important yet, this nonlinear map inherits many of the “qualitative 
properties” of the Fourier transform: the smoothness of q(x) is reflected in the rapid decay of 
Q as a function of k; if 4 is of compact support, then a turns out to be an entire function of the 
complex variable k, etc. 
eedless to say, the proofs of these facts are much harder than the corresponding ones for 
the linear transform. Yet, the basic facts remain unchanged. For a sample of these proofs in a 
one-dimensional version of this problem, see [ 1 l]. 
4. Statement of the problem 
We are now, finally, ready to state the purpose of this paper. One of the basic “qualitative 
properties” of the Fourier transform deals with!he impossibility of simultaneous concentration 
of a function f(x) and its Fourier transform f(k ). This is made precise, for instance, by the 
Heisenberg Uncertainty Inequality: 
j.x*~f(X)I* dx [!c*l~(k)]* dk 1 
. a- 
/ 
If(x dx 
I 
If(k dk 4’ 
This property, stated above in the one-dimensional case, goes over unchanged to other 
dimensions. As a consequence, and within the Born approximation, it turns out that a potential 
cl(x) can only be fairly concentrated around x = 0 if the function a is, for fixed w 1 and w2, 
fairly spread out as a function of k. In particular, when q is radially symmetric, the function 
cl(r) cannot be “concentrated around r = 0” while the “backscattering amplitude” 
ii(k) =a@, -w, k) 
is also concentrated as a function of k. 
This leads us to pose the following. 
Main question. Is this restriction to simultaneous concentration valid when one abandons the 
Born approximation and deals with the exact expression for GC k)? 
In connection with the “backscattering amplitude” introduced above, it is worth mentioning 
that while the mapping from q(x) to the full scattering amplitude ah,, 02, k) is clearly 
overdetermined, this other map from q(x) to a(o, -w, k) has recently been shown to be 
locally invertible, see [S]. 
5. Motivation and implications of this work 
Before we tackle the question raised above we make some remarks. 
(a) In the one-dimensional case we have shown (by means of carefully chosen examples) that 
each factor in the Heisenberg inequality can be made arbitrarely small if the Fourier transform 
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is replaced by the “scattering transform”. See [9]. This shows that at lo,ast in dimension one, the 
answer to the question is negative. 
(b) The results in [9] were motivated by the “slice selection” problem in magnetic resonance 
imaging [lo]. The fact that the answer is negative in this case is good news from the point of 
view of a designer of “pulses” with short time duration and high spatial resolution properties. 
(c) The Nyquist criterion sets a lower limit on the sampling rate required to compute an 
approximation to the Fourier transform of a signal with a given bandwidth. This result is not 
completely unrelated to the Heisenberg property discussed above and it has tremendous 
importance in the numerical computation of Fourier transforms. One can speculate that a 
clarification of the sampling requirements for the approximate computation of direct and 
inverse scattering problems should be of central importance 
this direction. 
too. We have not seen any work in 
6. The partial wave expansion for the scattering amplitude 
We briefly review here a well-known (exact) method for expressing the scattering amplitude 
a in the case of a radially symmetric potential q(r). 
First of all, notice that ah,, 02, k) depends only on the angle between w1 and 02, rather 
than on these directions themselves. This angle Q! is given by the relation 
2sin+a=]w,-o,], 
as a simple picture shows. We put a(tx, k) = ah,, 02, k). 
One can use, without loss of generality, o2 = (0, 0, 1) as the direction for the incoming plane 
wave 
and expand tile solution # of the problem 
(-V2+q)t,b=k2+ 
in the form 
with Pr the Zth Legendre polynomial. 
The spherical symmetry of q has already been used in expressing ~4 as a function indepen- 
dent of the “longitude”. It has the further effect of decoupling the problem into a one-dimen- 
sional radial problem for each value of I = 0, 1, 2, . . . , namely, 
Once the boundary conditions have been specified, one determines, for each I, the so-called 
“phase shift a,“, and then one obtains for ah, k) the expression 
1 . 
a@, k) = i (21+ ljze161 sin fil P,(cos CY) = 
I=0 
i (21+ l)-$-(e2i6~- l)P,(cos a). 
I=0 
42 F.A. Gri~nbawn / Scattering and the Heisenberg inequality 
For each I, the “phase shift” 6, is defintib ac f%lows: for each 2, there is one solution e,(r) 
for the differential equation given above, which L: Urge r behaves like 
2 
;sin( kr - $h + a,), 
and which is finite at r = 0. This determines one value of 6, in the range between 0 and V. 
The expression for a(rw, k) given above goes back to Rayleigh (1894) and Faxen and 
Holtsmark 0927). There are several good sources for this material, including the classical book 
EN 
7. A fMy of examples: the plan 
Sections 7 and 8 constitute the core of this paper. We will compute analytically, and then 
plot with the plotting facilities of Mathematics, the backscattering amplitude 
ii(k) =a@, -w, k) =a(~, k), 
for a four-parameter family of potentials q(r) to be specified below. From the previous section 
we have 
1 
ii(k) = i (al + 1)2ik(eZi6~ - l)( - 1)‘. 
I=0 
The analytical part of our work will give the values of the “phase shifts” 6,, I = 0, 1,2,. . . , or 
more precisely the values of 
1 1 
_e& sin Jjl = -(eziS, - I). 
k 2ik 
Drawing inspiration from our results in [9] we choose as a potential a “double delta shell 
potential” given info~ally by 
@P) = t,a(r -3,) + t,iS(r -sz), s, <s,. 
This potential is a simple extension of the better-known (‘single delta shell potential”, 
obtained when t, = 
instance, [8]. 
0, which is discussed in several textbooks in quantum mechanics. See, for 
Before we embark in any detailed computation, it is worth pausing to state clearly what it is 
that we are trying to ascertain. 
We like to consider the quantity 
/ 
r’q2( r)r’ dr 
I k’la’(k)j’dk . 
/ q2(r)r2 dr ~~~(k)~2 dk ’ 
which, within the Born approximation would reduce to the product of the normalized second 
moment of fthe modulus of the square of) q(r) and the corresponding quantity for its Fourier 
transform. The issue is thus: will the product given above remain bounded below by a universal 
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constant as we vary the parameters t,, si, t,, s2 or will it be possible to drive this ql,antity down 
to zero and thus show that Heisenberg’s indictment against simultaneous concentration does 
not hold in the exact nonlinear case? 
Once again, this is not the place to give all the mathematical details required to justify the 
use of the theory (usually developed under the assumption that q(r) is smooth) in this case 
when q is singular. This analysis has, fortunately, been given in the literature. For the case of 
one shell one can see [2,3], while the case of several shells has been treated in [15]. 
One last comment before we go through some analysis in the next section. If we were to 
remove the outer shell, i.e., put t, = 0, then one finds in [8] the expression 
1 i j&) 
-eis/ sin a1 = - - 
k k h,(ks*) ’ 
where j, and h, are “spherical” Bessel functions to be defined later. This implies that (for a 
single shell) the backscattering amplitude takes the form 
1 
ii(k) = ;G(ks,). 
A consequence of this is that the quantity 
takes the form 
/ 
r2q2(r)r2 dr 
/ 
q2(r)r2 dr 
jk21i(k)12 dk 
. 
/ Iii(k) I2 dk 
? /IG(ks,)l’dk 
Si 1 
/ 
kzIc(ks,)12 dk’ 
which clearly is independent of si and t 1. 
Any attempt to vary the value of this expression requires, thus, going beyond a single shell. 
This problem is tackled in the next section. 
8. A family of examples: the details 
In this section we derive an exact expression for the scattering amplitude for the potential 
q(r) = t,S(r -s,) + t,S(r -s2), s, Cs,. 
The one-dimensional problem to solve is 
ld d I(1 + 1) 
-- 
r2 drr2dr- r2 
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which gives, orrce boundary conditions are considered, the integrai equation 
A,(k; r) = j,(kr) + /xGf’( r: r’)q(r’)A,(k; r’)rr2 da’, 
0 
with 
@“(r; r’) = -ikj,(k min(r, r’))h,(k max(r, r’)). 
Here ji and h, are the “spherical” Bessel functions defined in terms of the more standard 
Bessel functions .I/ and Y4 by the formulas 
and finally 
h,(z) = j/( z) + in,(z). 
For our choice of potential q(r), the integral equation above reduces to a system of coupled 
linear equations for the vector [A,(k; s,i, A,(k; s,>jT. 
We have 
1 + ikt, jl( ks,)h,(ks,)s: ik?, jr( ks,)h,( ks,)sz 
ikt,j,(ks,)h,(ks,)sf 1 -t ikt, jl(ks2)hl(ksZ)sz 
Qnce this equation is solved, one finds that the value of the expression 
1 
-eisf sin 6, 
k 
is given by the general formula 
- 
/ 
~~j~(kr)q(r)A~(k: r)r2 dr, 
‘ 
which gives, in our case, 
1 
-_eiSf sjn S, = 
k -j,(ks,)A,( k; sl)f,sf - jl( ks2) A,( k; Qt&. 
The behavior of each individual term in the partial wave expansion of a&x, k) for large 
positive k can be gleaned from the expressions 
1 
j,(ks) w z[cos(ks - $(l+ 1)~) - sin(ks - # + l)rr)] 
1 
h,jks) - ks [cos(ks - +(i + 19~) t- i sin(ks - +(i + l)w)]. 
This means that for large k the matrix given above is very close to the identity matrix and 
thus 
A,(k; s) -j,(k; s). 
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Fig. 1. 1 i(k)1 for s1 = 1, t, = 00, s2 = 2, t, = 3, Fig. 2. I Wc)l for s1 = 0.5, t, = m, s2 = 2, t, = 3, 
0 < I< 22. O<f<23. 
This shows that for large k we have 
1 
-eisl sin 8, zz - 
k / 
j,?(kr)q(r)r’ dr, 
and each term in the Fartial wave expansion decays as l/k2. 
For a double delta shell potential the function a((~, k) depends on the four parameters 
sr, t,, s2, t,. Those parameters govern the location and strength of the “shells”. 
Now we come to the point of plotting the backscattering amplitudes as a funtion of k for 
different choices of the “parameters” t,, sr, t,, s2. We have noticed that this backsczttering 
amplitude obtains its limiting value as t, goes to infinity fairly fast. For this reason we give 
below the analytical expression of a’(k) for C, = 00. More precisely, we notice that the term 
e”l/k sin S, is given by the ratio 
ik2sitzh, j2( j2h, - j,h2)2 + (h:jz - h; j,“)ksit, - ikh, j, 
k [(h,il -h, j2)h2kszt2 + ih,12 
with the abbreviations 
Using this expression we plot the values of the absolute value of 6(k) as a function o,r‘ k in 
the range 0 < k < 10 for different choices of sI. We have found it convenient to fii in the plots 
the values of t, and s2. See Figs. l-4. 
We observe that as s1 gets smaller, while s2, i, are kept fixed, the shape of I a’(k) 1 f, =- 
becomes pretty stable giving a finite value for 
/ 
*k21G(k)12 dk 
n 
. 
2 dk 
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Fig. 3. for s, =O.l, r*=q sz=2, t,=3* Fig. 4. 1 i(k)J for s1 = 0.05, f, = 00, S2 = 2, t2 =3* 
0~1~24. o<z<29. 
On the other hand, it is clear that the corresponding second moment for the distribution in 
physical space converges to zero. If q(r) were not singular, this second moment would be given 
by 
lxr2q2( r)r2dr 
. 
r2 dr 
It should not be very hard to “fix up” this famiiy of examples and replace the double delta shell 
potentials considered here by some smoothed out versions. Such a process was carried out in [9] 
to go from a set of triple delta potentials to a potential consisting of a big tent at the origin and 
two smaller tents “on the wings”. 
To be entirely honest: none of the published technical results [5,16] showing smoothness for 
the map from V(r) to the backscattering amplitude seems to apply directly in our case to 
guarantee that the “smoothing” out process will work as well as in dimension one, see [9]. 
However, since our potentials are all radial, one can expect a situation quite analogous to that 
of dimension one. 
9. Conclusion 
We have demonstrated, by means of examples, that the nonlinear character of the “scatter- 
ing transform” can be exploited to produce “simultaneous concentration” in physical and 
frequency spaces. This cannot be done within the range of validity of the linear theory. 
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